Let G be a locally compact group. We show that its Fourier algebra A(G) is amenable if and only if G has an abelian subgroup of finite index, and that its FourierStieltjes algebra B(G) is amenable if and only if G has a compact, abelian subgroup of finite index.
Introduction
In [7] , B. E. Johnson initiated the theory of amenable Banach algebras. He proved that the amenable locally compact groups G can be characterized through a cohomological triviality condition for the group algebra L 1 (G). This triviality condition can be formulated for any Banach algebra and is used to define the class of amenable Banach algebras.
The Fourier algebra A(G) of a locally compact group G was introduced by P. Eymard in [5] . Since an amenable Banach algebra always has a bounded approximate identity, Leptin's theorem ([16, Theorem 7.1.3]) immediately yields that A(G) can be amenable only for amenable G. On the other hand, there are compact groups whose Fourier algebras fail to be amenable ( [9] ).
The reason for this failure of A(G) to reflect the amenability of G in a satisfactory manner lies in the fact that A(G) -as the predual of the group von Neumann algebra VN(G) -has a canonical operator space structure, which is completely ignored by the definition of an amenable Banach algebra. A variant of Johnson's definition of amenability which takes operator space structures into account was subsequently introduced by Z.-J. Ruan ([13] ). This notion of amenability -called operator amenability -then yields an analogue of Johnson's theorem for A(G): A locally compact group G is amenable if and only if A(G) is operator amenable ( [13, Theorem 3.6] ). Nevertheless, the question for which locally compact groups G precisely the Fourier algebra A(G) is amenable remains an intriguing open problem ( [16, Problem 14] ). The only locally compact groups known to have an amenable Fourier algebra are those with an abelian subgroup of finite index ( [10] and [6] ). In the present note, we prove the converse. Interestingly, although the result is purely "classical", i.e. does not involve any operator space theory, our proof is essentially operator space theoretic and even relies on some fairly recent developements in the theory of operator spaces ( [14] and [15] ).
Preliminaries
We recall the definition of an amenable Banach algebra from ( [7] ): Definition 1.1 A Banach algebra A is said to be amenable if every bounded derivation from A into a dual Banach A-bimodule is inner.
For the theory of amenable Banach algebra, see [7] and [16] . For many purposes, it is convienient and even necessary not to use Definition 1.1, but an equivalent characterization also due to B. E. Johnson.
Following [4] , we denote the projective tensor product of Banach spaces by ⊗ γ . If A is a Banach algebra, A ⊗ γ A becomes a Banach A-bimodule via a · (x ⊗ y) := ax ⊗ y and (x ⊗ y) · a := x ⊗ ya (a, x, y ∈ A).
Multiplication induces a bounded linear map ∆ :
The existence of an approximate diagonal characterizes the amenable Banach algebras ( [8] ):
The following are equivalent for a Banach algebra A:
(ii) A has an approximate diagonal.
The algebras we are concerned with in this note were introduced in [5] . Let G be a locally compact group. Then the Fourier algebra A(G) of G is the collection of all functions
where π is some unitary representation of G on a Hilbert space H and ξ, η ∈ H. For more information on A(G) and B(G), in particular for proofs that they are indeed Banach algebras, we refer to [5] . Our reference for operator spaces is [4] , whose notation we adopt. In particular,⊗ anď ⊗ stand for the projective and injective tensor product, respectively, of operator spaces and not of Banach spaces.
The group von Neumann algebra of G is denoted by VN(G): it is the von Neumann algebra acting on L 2 (G) generated by λ(G). The (full) group C * -algebra C * (G) of G is the enveloping C * -algebra of the Banach * -algebra L 1 (G). We have natural identifications of A(G) with the predual of VN(G) and of B(G) with C * (G) * . Hence, A(G) and B(G) each have a canonical operator space structure.
The theory of operator spaces, as outlined in [4] , is a theory over C. Nevertheless, a theory of real operator spaces can be developed (see [14] and [15] ), which -to a large extent -parallels the usual complex theory. In particular, there are an operator projective and injective tensor product, respectively, of real operator spaces, which we denote by⊗ R and⊗ R to tell them from⊗ and⊗, respectively.
Amenability for real Banach algebras
Like most of Banach algebra theory, amenable Banach algebras are usually treated over C. Nevertheless, Definition 1.1 remains perfectly meaningful over R. Also, the notion of an approximate diagonal still works in the real setting: instead of ⊗ γ , we have to consider the projective tensor product ⊗ γ R of real Banach spaces. The proof of Theorem 1.2 also carries over without modification to real Banach algebras; hence, we have:
The following are equivalent for a real Banach algebra A:
amenable (as a real Banach algebra).
(
Given a real Banach algebra A, let A C denote its complexification. The the equivalence of (i) and (iii) in the following proposition is from [1] , but for convenience we include a proof:
Proposition 2.2 The following are equivalent for a real Banach algebra A: (i) A is amenable (as a real Banach algebra).
(ii) A C is amenable as a real Banach algebra.
(iii) A C is amenable as a complex Banach algebra.
The usual herediatary properties for amenability hold for real Banach algebras as well. Since A C ∼ = A ⊗ γ R C, it is sufficient to prove that C is amenable as a real Banach algebra. Let
It is routinely verified that d is a diagonal for the real Banach algebra C.
(ii) =⇒ (iii): Let (d α ) α be an approximate diagonal for the real Banach algebra A C (in
Suppose that A C is amenable. Let E be a Banach A-bimodule, and let D : A → E * be an R-linear derivation. The complexification E C of E is then a Banach A C -bimodule, and so is E * C , which can be canonically identified with the complexification of E * . The R-linear derivation D then extends canonically to a C-linear derivation D C :
A C → E * C , which then has to be inner by the amenability of A C . Let φ ∈ E * C be the implementing element for D C , and define
It is routinely verified that
and let
It is immediate that A sa (G) is a real Banach algebra whose complexification can be identified with A(G). Hence, A(G) is amenable over C if and only if it is amenable over R and if and only if the real Banach algebra A sa (G) is amenable.
Recall the notion of the conjugate space of a complex Banach space: Given a complex Banach space E, its conjugate space E is obtained by defining scalar multiplication through λ ⊙ x := λx (λ ∈ C, x ∈ E).
Even though E and E are identical as Banach spaces over R, they need not be isomorphic over C. For any operator space E, its conjugate space E is again an operator space in a canonical manner ([4, p. 40]).
Lemma 3.1 Let G be a locally compact group. Then pointwise conjugation is a completely isometric isomorphism of A(G) and A(G).
Proof It is sufficient to show that pointwise conjugation is a complete contraction from A(G) to A(G). Clearly (almost everywhere) pointwise conjugation is an isometry from For any locally compact group G, let G op denote the same group, but with reversed multiplication. Since G ∋ x → x −1 is an isomorphism of G and G op , we obtain as a consequence of Lemma 3.1:
is a completely isometric isomorphism.
For any locally compact group G, the Fourier algebras A(G) and A(G op ) are isometric as Banach spaces, i.e. if, in (1), we replace A(G op ) by A(G), we keep an isometry. The question of whether (1) then remains completely bounded -let alone a complete isometry -will turn out to be crucial when it comes to characterizing those G for which A(G) is amenable.
The following proposition is probably well known, but for easier reference, we include a proof: Proposition 3.3 Let M be a von Neumann algebra such that
is completely bounded. Then there are n 1 , . . . , n k ∈ N and compact, hyperstonean spaces
Proof Assume towards a contradiction that M is not of the form (2) . It is then a well known consequence of the structure theory for von Neumann algebras, that M contains M n as a C * -subalgebra for each n ∈ N. For n ∈ N, let
and
where x t is the tranposed matrix of x, and x is the matrix obtained from x by entrywise conjugation. Then, trivially, T n cb ≤ T cb holds for all n ∈ N. Since, each for each n ∈ N, the map T n is the composition of T n with J n , and since J n is a complete isometry, it follows that T n cb ≤ T cb for all n ∈ N. This, however, is impossible if n > T cb by [4, Proposition 2.2.7]. ⊓ ⊔
Corollary 3.4 Let G be a locally compact group. Then
is completely bounded only if G has an abelian subgroup of finite index.
Proof The adjoint of (3) on VN(G) is just T as in Proposition 3.3. Hence, T : VN(G) → VN(G) is completely bounded as well, and VN(G) must be of the form (2). This, however, is possible if and only if G has an abelian subgroup of finite index (see [12] ). ⊓ ⊔
Complexifying the real operator space A sa (G)
Let G be a locally compact group. Then A sa (G) is an R-linear subspace of the complex operator space A(G) and thus a real operator space in the sense of [14] . The theory of real operator spaces was initiated in [14] and developed further in [15] ; in many aspects, it parallels the theory of complex operator spaces as expounded in [4] . Nevertheless, matters turn out to be subtle (and surprisingly different from the Banach space setting) when it comes to complexifying real operator spaces (see [15] ). Since A(G) can be algebraically identified with A sa (G) ⊗ R C, the universal property of ⊗ γ R turns the identity on A(G) into a contraction from A sa (G) ⊗ γ R C to A(G). Applying the same argument to VN(G) and then taking duals, we see that the identity is also a contraction from A(G) to A sa (G) ⊗ λ R C, where ⊗ λ R denotes the injective tensor product of real Banach spaces.
Clearly, we also obtain a complete contraction from A sa (G)⊗ R C to A(G), and naively, one would expect to have a complete contraction from A(G) to A sa (G)⊗ R C, too. As the following proposition shows, this is not the case:
Proposition 4.1 Let G be a locally compact group. Then the identity on A(G) is a complete contraction from
where the second inequality holds by Corollary 3.2. From [15, Theorem 3.1], we obtain that A(G) ∩ A(G op ) = A sa (G)⊗ R C holds completely isometrically.
⊓ ⊔ Remarks 1. The reason for the somewhat unexpected result Proposition 4.1 to hold is that C is much more complex as a real operator spaces than one would expect. There are several inequivalent real operator space structures over the real Banach space C; in particular, C is not is self-dual as a real operator space ( [14] ).
2. In general, A sa (G)⊗ R C, even though it is a real operator space and a Banach space complexification of A sa (G) is not a complex operator space.
In the category of real operator spaces, a minimal real operator space over a given real Banach E space can be defined ( [14] ); we shall denote it by min R E. Even though it is not explicitly stated in [14] , there is also a maximal real operator space max R E over E, which is dual to min R E: the definition of max R E as well as the min R -max R duality are analoguous to the corresponding constructions over C.
The following lemma will be required in the next section:
Lemma 4.2 Let G be a locally compact group. Then the identity on A(G) is a complete contraction from
Proof Let n ∈ N. Then the complex Banach space M n (A(G)) is a complexification of the real Banach space M n (A sa (G)). Consequently, we have a canonical contraction
Since n ∈ N was arbitrary, this shows that we have a canonical complete contraction
Amenability of A(G) and B(G)
We shall now see that the amenability of A(G) imposes considerable restrictions on the operator space A(G), which in turn force G to have an abelian subgroup of finite index. The crucial part of the argument is contained in the proof the following lemma:
locally compact group such that A(G) is amenable. Then the identity on A(G) is a completely bounded map from A(G) to A(G op )
Proof By Proposition 2.2 and the following example, the real Banach algebra A sa (G) is amenable. Hence, by Theorem 2.1, there is an approximate diagonal (
for each index α. It is then routinely verified that
Let n ∈ N, and let [f j,k ] ∈ M n (A(G)). We obtain:
, by (4),
, by Lemma 4.2.
The canonical embedding of R into C is completely bounded from R = max R R to max R C. Consequently, its adjoint, the real part Re : C → R, is completely bounded from min R C. to R. As a consequence, the canonical projection P : A(G) → A sa (G), which is nothing but id Asa(G) ⊗ Re, is completely bounded from A sa (G)⊗ R min R C to A sa (G). We therefore obtain:
where the last equality is due to the fact that A sa (G) = A sa (G op ) as real operator spaces.
Since multiplication is a completely contractive C-bilinear -and thus R-bilinear -map from A(G op ) × A(G op ) to A(G op ), its restriction to A(G op ) × A sa (G op ) is also completely contractive and, consequently, induces an R-linear complete contraction ∆ R :
Hence, we eventually obtain:
Combined, the inequalities (5), (6) , and (7) yield that
Since n ∈ N was arbitrary, this shows that id A(G) is indeed a completely bounded map from
The proof of the main result of this paper is now a matter of a few lines:
The following are equivalent for a locally compact group G:
(ii) G has an abelian subgroup of finite index.
Proof (ii) G has a compact, abelian subgroup of finite index.
Proof (i) =⇒ (ii): Since A(G) is a complemented ideal in B(G), the hereditary properties of amenability immediately yield the amenability of A(G) ([16, Theorem 2.3.7] ), so that G has an abelian subgroup H of finite index by Theorem 5.2. We may replace H by its closure and thus suppose that H is closed. Since H is then automatically open, the restriction map from B(G) to B(H) is surjective. Hence, B(H) is also amenable by [16, Proposition 2.3.1] . LetĤ denote the dual group of H. The Fourier-Stieltjes transform yields an isometric algebra isomorphism of B(H) and the measure algebra M (Ĥ), so that M (Ĥ) is amenable. Amenability of M (Ĥ), however, forcesĤ to be discrete ( [2] ; see also [3] for a more general result). Hence, H must be compact.
(ii) =⇒ (i): If G has a compact, abelian subgroup of finite index, then G itself is compact, so that B(G) = A(G) is amenable by Theorem 5.2.
⊓ ⊔ Remark Corollary 5.3 characterizes the locally compact groups G for which B(G) is amenable. The corresponding -and in a certain sense more natural -characterization for operator amenability seems to by still open. A partial result can be found in [17] .
